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Simple Linear Regression

The Problem Statement:

Simple Linear Regression: Find the values
of fp and p; such that the Mean Squared
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Mean Squared Error (MSE) for various values of /,
and [, follows this curve

Simple Linear Regression

Sum of Squared Residuals (SSR)

The Mean Squared Error (MSE) is ®
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Mean Squared Error (MSE) for various values of /,
and [, follows this curve

Gradient Descent

Gradient Descent: Basic Concept

Step 1: Start with random values for [, and 3,

Step 2: Compute the partial derivative of the MSE
w.r.t fy and [, - this is the slope at that point

Step 3: Calculate a step size that is proportional
to the slope

Step 4: Calculate new values for f, and f; by
subtracting the step size

Sum of Squared Residuals (SSR)

Step 5: Go to step 2 and repeat
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Mean Squared Error (MSE) for various values of /,
and [, follows this curve
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Mean Squared Error (MSE) for various values of fj,
and [, follows this curve

Gradient Descent

Gradient Descent: Basic Concept

Gradient Descent continues in
this manner until the step size is

close to zero or a fixed number of
Iterations

Sum of Squared Residuals (SSR)
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A linear model in 2 dimensions... Gradient Descent

Gradient Descent Algorithm

j\} — ﬁ() -+ ﬁl'x Step 1: Start with random values for f, and f,
Step 2: Compute the partial derivative of the MSE
w.r.t J, and f, - this is the slope at that point

Step 3: Calculate a step size that is proportional
to the slope

'Has 2 parameters

a cost function... R e e e o e by
e subtracting the step size

\ Step 5: Go to step 2 and repeat

1 < ,
o Z ;i = Po — P1x)
=
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A linear model in 2 dimensions...

= o+ P1X

Has 2 parameters

And a cost functlon
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Gradient Descent
Gradient Descent Algorithm

Step 1: Start with random values for f, and f,

Step 2: Compute the partial derivative of the MSE
w.r.t J, and f, - this is the slope at that point

Step 3: Calculate a step size that is proportional
to the slope

dﬂo 2n Z Oi=Po = Pr; y

Compute 2
\partial derivatives|

0,51 2n Z Oi=Po = Pr y
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A linear model in 2 dimensions... Gradient Descent

Gradient Descent Algorithm
y = ﬁ() -+ ﬁlx Step 1: Start with random values for fj; and

Step 2: Compute the partial derivative of the MSE
w.r.t Jy and [, - this is the slope at that point
Step 3: Calculate a step size that is proportional
to the slope

'Has 2 parameters

, _ " Step_sizeﬂo = ﬁ—MSE X learning _rate
0

0
\ Step_sizeﬁ1 = —MSE X learning _rate

1

‘Compute 2 step |
Isizes |
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A linear model in 3 dimensions... Gradient Descent

Gradient Descent Algorithm
j\} — ﬁ() -+ ﬁl'xl -+ ﬁzxz Step 1: Start with random values for ), /; and f,

Step 2: Compute the partial derivative of the MSE
w.r.t Jy, f; and [, - this is the slope at that point

Step 3: Calculate a step size that is proportional
to the slope

'Has 3 parameters

_ ’ Step 4: Calculate new values for 3y, #; and 3, by
e subtracting the step size

\ Step 5: Go to step 2 and repeat
1 n
2
s Z Vi = Po — Prx1; — Paxay)
=1
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A linear model in 3 dimensions... Gradient Descent

Gradient Descent Algorithm
— ﬁ() -+ ﬁl'xl -+ ﬁzxz Step 1: Start with random values for ), /; and f,

Step 2: Compute the partial derivative of the MSE

w.r.t Jy, f; and [, - this is the slope at that point
SN ——— Step 3: Calculate a step size that is proportional
f{ 3 pa rameters to the slope

And 3 cost functlon

\ dﬂo 2n

Z(yz Po = By — B’

1 ¢ 2
L™ Z i = Bo = Brx1; = Prx2)” aﬁl 2n Z O = o= P = P22
i=1

|ICompute 3 |
\partial derivatives|

P ,51 > 2(% o — Py — s’
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A linear model in 3 dimensions... Gradient Descent

Gradient Descent Algorithm
j\} — ﬁ() -+ ﬁl'xl -+ ﬁzxz Step 1: Start with random values for 5, f; and p,

Step 2: Compute the partial derivative of the MSE
w.r.t Jy, f; and [, - this is the slope at that point

Step 3: Calculate a step size that is proportional
to the slope

'Has 3 parameters

, | . step_sizep = ﬁ—MSE X learning _rate
0

0
- \ Step_sizeﬁ1 = —1MSE X learning _rate
2
™ Z Vi = Po = Prx1i — Paxay)
=1

step_sizeﬁ2 = —MSE X learning _rate

Compute 3 step 2

Isizes |
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A linear model in 4 dimensions... Gradient Descent
Gradient Descent Algorithm

j\/ — ﬁ() —+ ﬁl’xl -+ ﬁ2x2 -+ ﬁ3x3 Step 1: Start with random values for f3,, f;, 5, and f3;

Step 2: Compute the partial derivative of the MSE
w.r.t [y, 1, P> and p; - this is the slope at that point

Step 3: Calculate a step size that is proportional
to the slope

\Has 4 parameters
/And a cost function... | otep 4 Calculate new values for fy fy, f and
e by subtracting the step size

\ Step 5: Go to step 2 and repeat
1 n
2
s Z Vi = Po = Prx1i = PaXai — P3x3))
=1
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A linear model in 4 dimensions...

= Py + P1X1 + DXy + Paxs

N

'Has 4 parameters |

And a cost funchon |

2\

1
s Z (Vi = Bo = Prxii — Poxa; — P3x3)
i=1
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Gradient Descent
Gradient Descent Algorithm

Step 1: Start with random values for f, p;, ), and p;

Step 2: Compute the partial derivative of the MSE
w.r.t [y, 1, P> and p; - this is the slope at that point

Step 3: Calculate a step size that is proportional
to the slope

aﬁo 2 Z(yz fo = Pi¥ii = o — PXs)

3 ,B o Z i = Bo = By = oo — B35’
1

Compute 4 |

op 2nz(yz fo = Bixyi — Poy; — Pss)
2

\partial derivatives|

aﬁ3 2 Z(yz fo = Pixii = o — P3Xs)

15
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A linear model in 4 dimensions... Gradient Descent

Gradient Descent Algorithm
j\/ — ﬁ() —+ ﬁl’xl -+ ﬁzxz -+ ﬁ3x3 Step 1: Start with random values for f3,, f;, 5, and f3;

Step 2: Compute the partial derivative of the MSE
w.r.t Do, P1, P> and f; - this is the slope at that point
Step 3: Calculate a step size that is proportional
to the slope

'Has 4 parameters

, | " Step_sizeﬂo = ﬁ—MSE X learning _rate
0

0
- \ Step_sizeﬁ1 = —MSE X learning _rate
) 1
™ Z Vi = Po = P11 — Paxa; — P3x3y)
=1

0
Step_sizeﬁ2 = —MSE X learning _rate

Compute 4 step 2

Isizes |

step_sizeﬁ3 = —MSE X learning _rate
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A linear model in k dimensions... Gradient Descent

Gradient Descent Algorithm
Y=o+ X1+ Poxo+ Paxs+ ...+ 1 X1 Step 1: Start with random values for /3, /3, > and /-

\ / Step 2: Compute the partial derivative of the MSE
w.r.t [y, 1, P> and p; - this is the slope at that point

g

Step 3: Calculate a step size that is proportional
to the slope

'Has k parameters |
a cost function... otep & Calculate new values for fo i, fo and fs
S by subtracting the step size

\ Step 5: Go to step 2 and repeat
1 n
> Z Vi = Do — DXy — PaXoy — Pz — - — P 1X(k—1)i)2
=1
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A linear model in kK dimensions...

= po+ P1X1 + DXy + P3xs + .o+ D1 Xy

\ -

g

Has k parameters

And a cost functlon

\

| ,
_2n z , Vi = Do — DXy — PaXoy — Pz — - — P lx(k—l)i)
i=1

ICompute k
\partial derivatives)
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Gradient Descent

Gradient Descent Algorithm

Step 1: Start with random values for f, p;, ), and p;

Step 2: Compute the partial derivative of the MSE
w.r.t [y, 1, P> and p; - this is the slope at that point

Step 3: Calculate a step size that is proportional
to the slope

0 1 ¢
A A A 2
= Po — P1X1; — PrXy; — PaXy; — ... — X .
aﬂO znz(yz 150 lBI 1i :BZ 21 ﬁ3 3i ﬁk_l (k—l)z)

()ﬁ 2 Z(yz Po — P1X1; — PaXy; — P3Xs; — °_:Bk—1x(k—1)i)2
1

0,5 M Z (yl :BO ﬁl’xll ﬁzle ,533631 e, — ﬁk—lx(k—l)i)z
2

0 1 ¢
Vi = Po = PiXii = PoXoi = P3Xsi — - -« = Pre1Xg—1 i)2
OPr—1 2’11.:21 b

18
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A linear model in k dimensions...

V= Pyt Pix1+ Poxo + Pixs+ .+ Do

\ -

g

Has k parameters |
'And a cost function...

1 ¢ ,
™ 2 Vi = Po = Pix1i = PoXoi = P3Xsi — -« = D1 X—1y)
—

ICompute k step |
Isizes |
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Gradient Descent

Gradient Descent Algorithm

Step 1: Start with random values for f, p;, ), and p;

Step 2: Compute the partial derivative of the MSE
w.r.t Do, P1, P> and f; - this is the slope at that point

Step 3: Calculate a step size that is proportional
to the slope

0
step_sizeﬂo = ,B_MSE X learning _rate
0

0
step_sizes = —MSE X learning _rate
1

0
Step_sizeﬂ2 = ,B_MSE X learning _rate
2

Step_sizeﬂk = ﬂ—MSE X learning _rate
k—1 19
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A linear model in k+1 dimensions... Gradient Descent

Computing k partial

derivatives isn’t practical
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Multiple Regression

Lets use a Matrix
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Linear Model in k
Dimensions

y = Pyt pix; + Prxy + D3y +
5= 1% Pyt X0y X fr + g X ot |]
X3, X P34+ oo+ X1, X Pr_y ):2
Y3 =
Yo

e 1 dependent variable y

Copyright (c) 2025, Rahul Singh, licensed under CC BY-NC-SA 4.0 (https://creativecommons.org/licenses/by-nc-sa/4.0/)

e k— 1 independent variables x;, x5, X5 ... X;_;
o k parameters ,BO, B, Do P -

Multiple Regression

.+ Dr_1Xi—1
11 X21 X310 - - o A=D1 Po
Xip Xpp X300 -« o Xg-1y2 ﬁ 1
2
X13 X23 X33 - - o Xg—1)3 8,
Xn Xon Xm0 - o Xi=Dn| | Py

P

Data is synthetic and not plotted to scale 22
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Linear Model in k . .
/ Multiple Regression

y=py+ DX+ Ppoxy + P3xs+ .o+ P

? — Y Y and f are column
— ﬁ . . L Xy X% X3
vectors and X is a matrix
1 X, x5
1 x5 X3 X
: nXxk
1 X, X, X3,

e 1 dependent variable y
e k— 1 independent variables x;, x5, X5 ... X;_;

® k parameters - ﬂ(); ﬁlr ﬁZl ﬂ3 ﬁk—l
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Linear Model in k . .
/ Multiple Regression

y =Pyt DX+ Pprxy + P+ o+ D1 %

Y = Xﬁ Ioxyp x4 - 0 - Xgenn
1 xpp X c Ak=1)2
The Mean Squared Error (MSE): X
i 1 x5 X3 - Ak=1)3
Y X 2 . . o ]’le o o
—I|| Y= X[ |
2n ,
MMn Xom X3p - o o Xh=D)n

Partial Derivative w.r.t f3:

0 2
——|| Y= Xp || .
op 2n \\__ Lets compute this
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A Linear Model in k . .
Y=Xpf «— Multiple Regression

Partial Derivative w.r.t f:

iiH Y —XB ||* = 0 \/Y—X Y(y-X ))2
o 2n _aﬁZn( (F=xp b

B 0
- 2n op

(Y - Xp)' (Y — XP)

letA = (Y — XB)

: | Y =XB || = L2 ayray
0 2n - 2nop

_ L (A)'(A) Ly
- 2n0p 0p
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A Linear Model in k . .
Y=Xpf «— Multiple Regression

Partial Derivative w.r.t [:
Fuclidean norm of a matrix:
- T
| A ll=vATA

O Ly—xpppo2 ] \/Y XB)T(Y — X 2
%52 —Wn( (Y = XB)T(Y — ﬂ))

B 0
- 2n op

(Y - Xp)' (Y — XP)

letA = (Y — XP)

: | Y =XB || = L2 ayray
op 2n - 2n op

_ L (A)'(A) Ly
 2n op op
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A Linear Model in k . .
Y=Xpf «— Multiple Regression

Partial Derivative w.r.t [:
Fuclidean norm of a matrix:
- T
| A ll=vATA

O Ly—xpppo2 ] \/Y XB)T(Y — X 2
%52 —Wn( (Y = XB)T(Y — ﬂ))

B 0
- 2n op

(Y - Xp)' (Y — XP)

letA = (Y — XP)

0 1 , 1o
op 2n I Y =Xp" = M aﬁ(A) (4) Chain Rule for Derivative
See Tutorial on Differential Calculus
1 o ., 0
= (A)(A) —A
2n 9f op
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A Linear Model in k . .
Y=Xpf «— Multiple Regression

Partial Derivative w.r.t f:

1 , 1o . 0
1Y =XG " = (A)(A) —A

op 2n 2n 0p op
_ 247 Zy_xp
- 2n op
_Lar (—X)
n

I T
= ;(Y—Xﬂ) (—X)

I T
= —;(Y—Xﬁ) (X)
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A Linear Model in k . .
Y=Xpf «— Multiple Regression

Partial Derivative w.r.t f: _ —
Chain Rule for Derivative
o 1 1 O %, See Tutorial on Differential Calculus

_ 2 _ r _
a1 Y =X = 5= @) A
_ 247 Zy_xp
- 2n
=~ LT x)
n

I T
= ;(Y— Xp) (=X)

1 r
= — ;(Y—Xﬁ) (X)
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A Linear Model in k . .
Y=Xpf «— Multiple Regression

Partial Derivative w.r.t f: . —
Chain Rule for Derivative
o 1 1 %, See Tutorial on Differential Calculus

1Y = xp 12 = — 2y Za
op 2n 2n 0p op

0
_2r 0y —ATA =247
= g AP 0A
1 0
=—A" (=X) —Y-Xp)=-X

I T
= ;(Y— Xp) (=X)

1 r
= — ;(Y—Xﬁ) (X)
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Linear Model in k

Y=Xp— Multiple Regression

Dimensions

Partial Derivative w.r.t [:

1 , 1 Gradient Vector: 1 X (k + 1) row vector
Y =XB|I” = ——(Y - Xp)" (X)
op 2n n
because...
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Linear Model in k

Y=Xp— Multiple Regression

Dimensions

Partial Derivative w.r.t [:

Gradient Vector: 1 X (k + 1) row vector

1
% Il Y- Xp |” = -;w-me (X)

because...

Yisa(n+ 1) X 1 column vector
Xfpisa(m+ 1) X 1 column vector

(Y—Xp)isa(n+ 1) X 1 column vector
(Y=XA)'isal X (n+ 1) row vector
Xisa(n+ 1) X (k+ 1) matrix

(Y - XA (X)isal X (k+ 1) row vector
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Linear Model in k . .
=X «— Multiple Regression

Partial Derivative w.r.t f3:

Gradient Vector: 1 X (k + 1) row vector
aﬁ N Y-XBIP = - XpT ) e

Transpose it to get the column vector

1
| Y= XB |2 = (——(v = XB) (X))

op 2n n
1
= — —X!(Y — Xp) €«———— |Gradient Vector: (k+ 1) X 1 column vector
n
1 I
= —XT(XB-Y)

n
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Linear Model in k . .
=X «— Multiple Regression
Partial Derivative w.r.t f3:

Gradient Vector: 1 X (k + 1) row vector
aﬁ N Y-XBIP = - XpT ) e

Transpose it to get the column vector

: | Y —Xp ||I” = (—l(Y—X,B)T X))’ T T AT
0B 2n VT (AB)' =B"A
= — lXT(Y—X,B) €«——— |Gradient Vector: (k+ 1) X 1 column vector
n
1 I
— —XT(XB - Y)

n

Copyright (c) 2025, Rahul Singh, licensed under CC BY-NC-SA 4.0 (https://creativecommons .org/licenses /by-nc-sa /4.0/) 28



https://arrsingh.com
https://creativecommons.org/licenses/by-nc-sa/4.0/

A Linear Model in k . .
Y=Xp «— Multiple Regression

The Mean Squared Error (MSE):

1 2
VX [

Partial Derivative w.r.t [:

0 1 ;1
O Ly xpip= Laropo vy ety

op 2n n

Lets walk through gradient descent using this matrix
representation of the Cost Function and its partial
derivative (the gradient vector)
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A linear model in kK dimensions...

P =xp
Cost Function (Mean Squared Error (MSE)):
1 2
—|| Y =X/ |
2n

Gradient Vector (Partial Derivative w.r.t f):

ii _ 2_1 T
aﬁan Y—Xp || —;X (Xp—Y)

Copyright (c) 2025, Rahul Singh, licensed under CC BY-NC-SA 4.0 (https://creativecommons.org/licenses/by-nc-sa/4.0/)

Gradient Descent

Gradient Descent: Basic Concept

Step 1: Start with random values for

Step 2: Compute the partial derivative of the cost
function w.r.t

Step 3: Calculate a step size that is proportional
to the slope

Step 4: Calculate new values for [ by subtracting
the step size

Step 5: Go to step 2 and repeat
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A linear model in kK + 1 dimensions...

P =xp
Cost Function (Mean Squared Error (MSE)):
1 2
—|| Y =X/ |
2n

Gradient Vector (Partial Derivative w.r.t f):

ii _ 2_1 T
aﬁan Y—Xp || —;X (Xp—Y)
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Gradient Descent

Gradient Descent: Basic Concept

Step 1: Start with random values for

Step 2: Compute the partial derivative of the cost

function w.r.t

1
d cost = —XT(X,B —Y)
n

Step 3: Calculate a step size that is proporti

to the slope

onal

Step 4: Calculate new values for 5, and f; by

subtracting the step size

Step 5: Go to step 2 and repeat
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A linear model in kK + 1 dimensions...

P =xp
Cost Function (Mean Squared Error (MSE)):
1 2
—|| Y =X/ |
2n

Gradient Vector (Partial Derivative w.r.t f):

ii _ 2_1 T
aﬁan Y—Xp || —;X (Xp—Y)
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Gradient Descent

Gradient Descent: Basic Concept

Step 1: Start with random values for

Step 2: Compute the partial derivative of the cost
function w.r.t

1
d_cost=—X'(Xp-Y)
n

Step 3: Calculate a step size that is proportional
to the slope

step_size = d_cost X learning_rate

Step 4: Calculate new values for f# by subtracting
the step size

Step 5: Go to step 2 and repeat
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A linear model in kK + 1 dimensions...

P =xp
Cost Function (Mean Squared Error (MSE)):
1 2
—|| Y =X/ |
2n

Gradient Vector (Partial Derivative w.r.t f):

ii _ 2_1 T
aﬁan Y—Xp || —;X (Xp—Y)
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Gradient Descent

Gradient Descent: Basic Concept

Step 1: Start with random values for

Step 2: Compute the partial derivative of the cost
function w.r.t

1
d_cost=—X'(Xp-Y)
n

Step 3: Calculate a step size that is proportional
to the slope

step_size = d_cost X learning_rate

Step 4: Calculate new values for /5 by subtracting
the step size

p = p — step_size

Step 5: Go to step 2 and repeat
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A linear model in kK + 1 dimensions...

P = xp
Cost Function (Mean Squared Error (MSE)):
1 2
—|| Y =X/ |
2n

Gradient Vector (Partial Derivative w.r.t f):

ii _ 2_1 T
aﬁan Y—Xp | —;X (Xp—7Y)
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Gradient Descent

Gradient Descent: Basic Concept

Step 1: Start with random values for

Step 2: Compute the partial derivative of the cost
function w.r.t

1
d cost = —XT(X,B —Y)
n

Step 3: Calculate a step size that is proportional
to the slope

step_size = d_cost X learning_rate

Step 4: Calculate new values for f by subtracting
the step size

p = p — step_size

Step 5: Go to step 2 and repeat
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A linear model in kK + 1 dimensions...

P = xp
Cost Function (Mean Squared Error (MSE)):
1 2
—|| Y =X/ |
2n

Gradient Vector (Partial Derivative w.r.t f):

ii _ 2_1 T
aﬁan Y—Xp | —;X (Xp—7Y)
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Gradient Descent

Gradient Descent: Basic Concept

Step 1: Start with random values for

Step 2: Compute the partial derivative of the cost
function w.r.t

Gradient Descent continues in
this manner until the step size is

close to zero or a fixed number
of iterations

Step 4: Calculate new values for [ by subtracting
the step size

p = p — step_size

Step 5: Go to step 2 and repeat
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A linear model in k + 1 dimensions... Gradient Descent
? — Xﬁ Gradient Descent: Basic Concept

Cost Function (Mean Squared Error (MSE)): Step 1: Start with random values for j

Step 2: Compute the partial derivative of the cost

1 , .
2_nH Y_Xﬂ H function w.r.t 5

Gradient Vector (Partial Derivative w.r.t f):

Gradient Descent continues in
this manner until the step size is

close to zero or a fixed number

0o 1 V_ Y3 II2 L o7
—— || Y=Xp ||"= =XT(Xp - Y) of iterations

op 2n n

Matrix algebra allows us to Step 4: Calculate new values for 3 by subtracting
. . the step size

compute gradients and step sizes

in a single computation

p = p — step_size

Step 5: Go to step 2 and repeat
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Related Tutorials & Textbooks

Multiple Regression €7

Multiple regression extends the two dimensional linear model introduced in Simple Linear Regressionto k + 1
dimensions with one dependent variable, k independent variables and k+1 parameters.

Gradient Descent for Simple Linear Regression C§

Gradient Descent algorithm for multiple regression and how it can be used to optimize k + 1 parameters for a Linear
model in multiple dimensions.

Logistic Regression CJ

An introduction to Logistic Regression. A Logistic Regression model use used to predict a binary value (the dependent
variable) for one or more independent variables using a threshold to classify a probability.

Recommended Textbooks

Artificial Intelligence: A Modern Approach

by Peter Norvig, Stuart Russell

For a complete list of tutorials see:
https://arrsingh.com/ai-tutorials
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