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Linear Model in k . .
/ Multiple Regression
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Linear Model in
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Linear Model in

fwo Dimensions Simple Linear Regression

Given a matrix (Y)

of observations
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Linear Model in . . .
/ Simple Linear Regression
of observations
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Linear Model in . . .
/ Simple Linear Regression
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See Tutorial on Matrices & Differential Calculus
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Linear Model in . . .
/ Simple Linear Regression
of observations
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Multiple Regression

—

Linear Model in k
Dimensions
Y = Xp

The Mean Squared Error (MSE):
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Linear Model in k . )
_— Multiple Regression

Y = Xp

The Mean Squared Error (MSE):
1 2
—|| Y =X/ ||
n

The Problem Statement:

Multiple Regression: Compute the matrix

such that the Mean Squared Error (MSE) is
minimized.
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Multiple Regression: Compute the matrix / such that the MSE is minimized.

To derive value of the matrix / we calculate the partial derivative
of the Mean Squared Error (MSE) w.r.t / and solve for f
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Multiple Regression: Compute the matrix / such that the MSE is minimized.

To derive value of the matrix / we calculate the partial derivative
of the Mean Squared Error (MSE) w.r.t / and solve for f
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Multiple Regression: Compute the matrix / such that the MSE is minimized.

To derive value of the matrix / we calculate the partial derivative
of the Mean Squared Error (MSE) w.r.t / and solve for f
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Multiple Regression: Compute the matrix / such that the MSE is minimized.

To derive value of the matrix / we calculate the partial derivative
of the Mean Squared Error (MSE) w.r.t / and solve for f
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Multiple Regression: Compute the matrix / such that the MSE is minimized.

To derive value of the matrix / we calculate the partial derivative
of the Mean Squared Error (MSE) w.r.t / and solve for f
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Multiple Regression: Compute the matrix / such that the MSE is minimized.

To derive value of the matrix / we calculate the partial derivative
of the Mean Squared Error (MSE) w.r.t / and solve for f
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Multiple Regression: Compute the matrix / such that the MSE is minimized.

> L (Y= Xp(Y - Xp) = 0
op B
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Multiple Regression: Compute the matrix / such that the MSE is minimized.

= i(Y_ Xﬁ)T(Y_ Xp) =0 Expanding the first parenthesis

op

Copyright (c) 2025, Rahul Singh, licensed under CC BY-NC-SA 4.0 (https://creativecommons .org/licenses /by-nc-sa /4.0/)



https://arrsingh.com
https://creativecommons.org/licenses/by-nc-sa/4.0/

Multiple Regression: Compute the matrix / such that the MSE is minimized.

= (= X = Xp) =0
N %YT(Y— XB) = (XBY(Y = Xp) = 0
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Multiple Regression: Compute the matrix / such that the MSE is minimized.

= i(Y_ XY —-Xp) =0 Expanding the first parenthesis

op

0
= gYT(Y— Xp)— (XP)'(Y—XB) =0 |Expanding the first parenthesis
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Multiple Regression: Compute the matrix / such that the MSE is minimized.
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Multiple Regression: Compute the matrix / such that the MSE is minimized.
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Multiple Regression: Compute the matrix / such that the MSE is minimized.
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Multiple Regression: Compute the matrix / such that the MSE is minimized.

= i(Y_ XY —-Xp) =0 Expanding the first parenthesis

op
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Multiple Regression: Compute the matrix / such that the MSE is minimized.

= i(Y_ XY —-Xp) =0 Expanding the first parenthesis

op

0
= ﬁYT(Y— Xp)— (XP)'(Y—XB) =0 |Expanding the first parenthesis
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Multiple Regression: Compute the matrix / such that the MSE is minimized.

0 0 0 0
> —Y'y — —Y'Xp — —pIX'Y + —pIXT'XB =0
op op op op
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Multiple Regression: Compute the matrix / such that the MSE is minimized.

0 0 0 0
= —Yy - —YI'Xp - —pIX'Y + —pIXTXB=0 0
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Multiple Regression: Compute the matrix / such that the MSE is minimized.

0 0 0 0
= —Yy - —YIXp - —pIX'Y + —pI'X"XB=0 0
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Multiple Regression: Compute the matrix / such that the MSE is minimized.

0 0 0 0
> —Y'y — —Y'Xp — —pIX'Y + —pIXT'XB =0
op op op op
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Multiple Regression: Compute the matrix / such that the MSE is minimized.

0 0 0 0
> —Y'y — —Y'Xp — —pIX'Y + —pIXT'XB =0
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Multiple Regression: Compute the matrix / such that the MSE is minimized.

Proof: f' XY = (X'Y)p

0 0 0 0
= —Y'y — —Y'Xp — —pIX'Y + —pIXTXB =0

op op op op
_iT _iTT iTT _
= 0 aﬁYXﬁ aﬁﬁXY+aﬁﬁXXﬁ—O
:O—YTX—iﬁTXTY+i,BTXTXﬁ=O
o o
4

_y! _i Tv\T iTT _
=0 - Y'X aﬁ(XY)ﬁ+aﬁﬁXXﬁ—O
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Multiple Regression: Compute the matrix / such that the MSE is minimized.

Proof: f' XY = (X'Y)p

0 0 0 0
= —YTY — —Y'Xp — —pIXTY + —pTXTXp=0 | A X'V=B'XDY  41p7— (gayr
op op op op = (Xp)TY

0 0 0
=0 - —Y'Xp — —pTXTY + —pTXTXp =0

op op op
T 0 T'vT 0 T'vT
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B o
v
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Multiple Regression: Compute the matrix / such that the MSE is minimized.

Proof: f' XY = (X'Y)p

0 0 0 0
= —YY — —Y'Xp — —pIX'y + —pIXIXp=0 | /X V=pX)Y
op op op op = (Xp)TY

e Xisa(n+1)X(k+ 1) matrix

0 0 0
=0 - —Y'Xp — —pTXTY + —pTXTXp =0

op op op
T 0 T'vT 0 T'vT
=0 — YIX — —B7XTYy + —BTXTXB =0
B o
v
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Multiple Regression: Compute the matrix / such that the MSE is minimized.

Proof: f' XY = (X'Y)p

=> iYTY - iYTXﬁ — iﬁTXTY + iﬁTXTXﬁ =0 | AXY=FX)Y

op op op op = (Xp)TY
e Xisa(m+1) X (k+ 1) matrix
e fpisa(k+ 1) X 1 column vector

0 0 0
=0 - —Y'Xp — —pTXTY + —pTXTXp =0

op op op
T 0 T'vT 0 T'vT
=0 — YIX — —B7XTYy + —BTXTXB =0
B o
v

_y! _i Tv\T iTT _
=0 - Y'X aﬁ(XY)ﬁ+aﬁﬁXXﬁ—O
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Multiple Regression: Compute the matrix / such that the MSE is minimized.

Proof: f' XY = (X'Y)p

= iYTY — iYTXﬁ — iﬁTXTY + iﬁTXTXﬁ =0 | AXY=FX)Y
op op op op — xp)TY
e Xisa(m+1) X (k+ 1) matrix
e fisa(k+ 1) X 1 column vector
e = Xfisa(n+ 1) X1 column vector

0 0 0
=0 - —Y'Xp - —p'X'Y + —pIX'XB =0
op op op

0 0
=0 - Y'X - —pIX'Yy + —pIXIXp=0
B op

o 0
_ vy _ _— (vTwyvWT - oTvT _
=0 - YTy aﬁ(XY)ﬁ+aﬁﬁXXﬁ 0
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Multiple Regression: Compute the matrix / such that the MSE is minimized.

Proof: f' XY = (X'Y)p

= iYTY — iYTXﬁ — iﬁTXTY + iﬁTXTXﬁ =0 | AXY=FX)Y
op op op op = (Xp)TY
Xisa(m+ 1) X (k+ 1) matrix
pisa(k+ 1) X 1 column vector
= Xpisa(n+ 1) X 1 column vector
= (XB)!is 1 X (n+ 1) row vector

0 0 0
=0 - —Y'Xp - —p'X'Y + —pIX'XB =0
op op op

0 0
=0 - Y'X - —pIX'Yy + —pIXIXp=0
B op

o v 0
_ vy _ _— (vTwyvWT - oTvT _
=0 - YI'x aﬁ(XY)ﬁ+aﬁﬁXXﬁ 0
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Multiple Regression: Compute the matrix / such that the MSE is minimized.

Proof: f' XY = (X'Y)p

= iYTY — iYTXﬁ — iﬁTXTY + iﬁTXTXﬁ =0 | AXY=FX)Y
op op op op = (Xp)TY
Xisa(m+ 1) X (k+ 1) matrix
pisa(k+ 1) X 1 column vector
= Xpisa(n+ 1) X 1 column vector
= (XB)!is 1 X (n+ 1) row vector

Yisa(n+ 1) X 1 column vector

0 0 0
=0 - —Y'Xp - —p'X'Y + —pIX'XB =0
op op op

0 0
=0 - Y'X - —pIX'Yy + —pIXIXp=0
B op

o v 0
_ vy _ _— (vTwyvWT - oTvT _
=0 - YI'x aﬁ(XY)ﬁ+aﬁﬁXXﬁ 0
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Multiple Regression: Compute the matrix / such that the MSE is minimized.

Proof: f' XY = (X'Y)p

= iYTY — iYTXﬁ — iﬁTXTY + iﬁTXTXﬁ =0 | AXY=FX)Y

op op op op = (Xp)TY
Xisa(m+ 1) X (k+ 1) matrix
pisa(k+ 1) X 1 column vector

0 0 0
=0 - —Y'Xp — —pTXTY + —pTXTXp =0

aﬁ aﬁ aﬁ = Xpisa(n+ 1) X 1 column vector
= (XB)!is 1 X (n+ 1) row vector
P P Yisa(n+ 1) X 1 column vector
=>0 - Y'X - gﬁTXTY + EﬁTXTXﬁ =0 = (Xp)"Yisascalar (1 x 1)

o v 0
_ vy _ _— (vTwyvWT - oTvT _
=0 - YI'x aﬁ(XY)ﬁ+aﬁﬁXXﬁ 0
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Multiple Regression: Compute the matrix / such that the MSE is minimized.

Proof: f' XY = (X'Y)p

0 0 0 0
= —Y'Yy — —Y'Xp — —pIXTY + —pIXIXp=0 | /XY= X)Y
op op op op = (Xp)TY

Xisa(m+ 1) X (k+ 1) matrix
pisa(k+ 1) X 1 column vector

0 0 0
=0 - —Y'Xp — —pTXTY + —pTXTXp =0

aﬁ aﬁ aﬁ = Xpisa(n+ 1) X 1 column vector
= (XB)!is 1 X (n+ 1) row vector
P P Yisa(n+ 1) X 1 column vector
>0 - Y'X - —p'X"Y + —=p'X"Xp=0 = (Xp)"Yisascalar (1 x 1)
aﬁ ” aﬁ = (XB)'Y is symmetric

Scalars are always symmetric

o v 0
_ vy _ _— (vTwyvWT - oTvT _
=0 - YI'x aﬁ(XY)ﬁ+aﬁﬁXXﬁ 0
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Multiple Regression: Compute the matrix / such that the MSE is minimized.

Proof: f' XY = (X'Y)p

0 0 0 0
= —Y'Yy — —Y'Xp — —pIXTY + —pIXIXp=0 | /XY= X)Y
op op op op = (Xp)TY

Xisa(m+ 1) X (k+ 1) matrix
pisa(k+ 1) X 1 column vector
= Xpisa(n+ 1) X 1 column vector
= (XB)!is 1 X (n+ 1) row vector

0 0 0
=0 - —Y'Xp - —p'X'Y + —pIX'XB =0
op op op

Yisa(n+ 1) X 1 column vector

=0-Y'X - iIBTXTY + i'BTXTXIB — () = (XB)!Yis ascalar (1 X 1)
aﬁ ” aﬁ = (XB)'Y is symmetric

Scalars are always symmetric
0 v 0 = AT XTYis symmetric

=0 - Y'X - —X'V)p+—pTXTX3=0

op op
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Multiple Regression: Compute the matrix / such that the MSE is minimized.

Proof: f' XY = (X'Y)p

0 0 0 0
= —Y'Yy — —Y'Xp — —pIXTY + —pIXIXp=0 | /XY= X)Y
op op op op = (Xp)TY

Xisa(m+ 1) X (k+ 1) matrix
pisa(k+ 1) X 1 column vector

0 0 0
=0 - —Y'Xp — —pTXTY + —pTXTXp =0

aﬁ aﬁ aﬁ = Xpisa(n+ 1) X 1 column vector
= (XB)!is 1 X (n+ 1) row vector
Yisa(n+ 1) X 1 column vector
0 0 |
= () — YIx — —’BTXTY + —ﬂTXTXﬁ — () = (XB)!Yis ascalar (1 X 1)
aﬁ ” aﬁ = (XB)'Y is symmetric
Scalars are always symmetric
- 0 WT - 0 — = AT XTYis symmetric
=0 —-Y X - _(X Y) ﬁ T _ﬁ X Xﬁ:() if A is symmetricthen A = A’

op op
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Multiple Regression: Compute the matrix / such that the MSE is minimized.

Proof: f' XY = (X'Y)p

0 0 0 0
= —Y'Yy — —Y'Xp — —pIXTY + —pIXIXp=0 | /XY= X)Y
op op op op = (Xp)TY

Xisa(n+ 1) X (k+ 1) matrix

0 T 0 T 0 T T pisa(k+ 1) X 1 column vector
:>O_£Y X'B_%’BXY_I_%'BXX'B:O = Xpisa(n+ 1) X 1 column vector
= (XB)!is 1 X (n+ 1) row vector
P P Yisa(n+ 1) X 1 column vector
= () — yly — —’BTXTY + —ﬂTXTXﬁ — () = (XB)!Yis ascalar (1 X 1)
aﬁ ” aﬁ = (XB)'Y is symmetric
Scalars are always symmetric
0 v 0 = AT XY is symmetric
= 0 — YTX — _(XTY)T,B T _ﬁTXTXﬁ =0 if A is symmetricthen A = A’

aﬁ 0,5 therefore...
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Multiple Regression: Compute the matrix / such that the MSE is minimized.

0 0 0 0
= —Y'y — —Y'Xp — —pIX'Y + —pIXTXB =0

op op op op
9 rvn 9 aryry . 9 aTyTya
= 0 aﬁY Xp aﬁﬁ X'Y + aﬁﬁ X'Xp =0
=>0-Y'X - iﬁTXTY + iﬁTXTXﬁ =0
op op
=0 - YTX — i(;TY)Tﬁ + iﬁTXTXﬁ =0
op op

Copyright (c) 2025, Rahul Singh, licensed under CC BY-NC-SA 4.0 (https://creativecommons .org/licenses /by-nc-sa /4.0/)

Proof: f' XY = (X'Y)p

BTXTY = (BTXT)Y
= (Xp)'Y

Xisa(m+ 1) X (k+ 1) matrix
pisa(k+ 1) X 1 column vector

= Xpisa(n+ 1) X 1 column vector
= (XB)!is 1 X (n+ 1) row vector
Yisa(n+ 1) X 1 column vector

= (XB)!Yis ascalar (1 X 1)

= (XB)'Y is symmetric

Scalars are always symmetric
= AT XTYis symmetric

if A is symmetricthen A = A’

therefore...

ﬁTXTY — (ﬁTXTY)T
=X'Y)'p
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Multiple Regression: Compute the matrix / such that the MSE is minimized.

0 0 0 0
= —Y'y — —Y'Xp — —pIX'Y + —pIXTXB =0
op op op op

0 0 0
=0 - —Y'Xp - —p'X'Y + —pIX'XB =0
op op op

0 0
=0 - Y'X - —pIX'Yy + —pIXIXp=0

of of
=0 - YTX — i(;TY)Tﬁ + iﬁTXTXﬁ =0
op op
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Proof: f' XY = (X'Y)p

pIxXy = (pIxT)Y
= (Xp)'Y

e Xisa(m+1) X (k+ 1) matrix

e fpisa(k+ 1) X 1 column vector

e = Xfisa(n+ 1) X1 column vector

o = (Xp)'is1x (n+ 1) row vector

e Yisa(n+1)X 1 column vector

o = (Xp)'Yisascalar (1 x 1)

o = (XP)!Yis symmetric

Scalars are always symmetric
o = pIXTYissymmetric
e if AissymmetricthenA = A’
e therefore...

ﬁTXTY — (ﬁTXTY)T

— (XTY)Tp
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Multiple Regression: Compute the matrix / such that the SSR is minimized.

0 0 0 0
= —Y'y — —Y'Xp — —pIX'Y + —pIXTXB =0
op op op op

0 0 0
=0 - —Y'Xp - —p'X'Y + —pIX'XB =0
op op op

0 0
=0 - Y'X - —pIX'Yy + —pIXIXp=0
op op

_y! _i Tv\T iTT _
=0 - Y'X aﬁ(XY)ﬁ+aﬁﬁXXﬁ—O
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Multiple Regression: Compute the matrix / such that the SSR is minimized.

0 0 0 0
> —Y'y — —Y'Xp — —pIX'Y + —pIXT'XB =0
op op op op

0 0 0
=0 - —Y'Xp - —p'X'Y + —pIX'XB =0
op op op

0 0
=0 - Y'X - —pIX'Yy + —pIXIXp=0
op op

0 0
=0 - Y'X - X'+ —pTX"XB=0
aﬁ(l ) aﬁﬁ p

0 0
=0 -Y'X - —Y'Xp+—pB'X'XB=0
op op
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Multiple Regression: Compute the matrix / such that the SSR is minimized.

0 0
>0-Y'X - —Y'Xp+ —p'X'Xp=0
op op
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Multiple Regression: Compute the matrix / such that the SSR is minimized.

0 0
>0-Y'X - —Y'Xp+ —p'X'Xp=0
op op
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Multiple Regression: Compute the matrix / such that the SSR is minimized.

0 0
>0-Y'X - —Y'Xp+ —p'X'Xp=0

op op 0
|

0
>0-Y'X-Y'X+ gﬁTXTXﬁ = (
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Multiple Regression: Compute the matrix / such that the SSR is minimized.

0 0
>0-Y'X - —Y'Xp+ —p'X'Xp=0
op op

0
>0-Y'X-Y'X+—p'X'Xp=0

op /

>0-Y'X-Y'X+28'(X'X)=0
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Multiple Regression: Compute the matrix / such that the SSR is minimized.

0 0
>0-Y'X - —Y'Xp+ —p'X'Xp=0
op op
T T 0 T vT
>0-Y'X -Y'X+—pIX'Xp=0
op 3
/ = fTAB = FTAT + A

op
0—YTX-Y'X+287(X"X) =0
= + 2/°( ) if A is symmetric...

i Trp _ aT
aﬁﬁ Ap=p"(A+A)

i Trp _— ~ApT
aﬁﬁAﬁ_ZﬁA
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Multiple Regression: Compute the matrix / such that the SSR is minimized.

0 0
>0-Y'X - —Y'Xp+ —p'X'Xp=0
op op

0
>0-Y'X-Y'X+ gﬁTXTXﬁ = (

>0-Y'X-Y' X428 (X'X)=0

e

= —2Y'X+ 281 (X*X) =0 |[Combining the two terms

Copyright (c) 2025, Rahul Singh, licensed under CC BY-NC-SA 4.0 (https://creativecommons.org/licenses/by-nc-sa/4.0/)
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Multiple Regression: Compute the matrix / such that the SSR is minimized.

0 0
>0-Y'X - —Y'Xp+ —p'X'Xp=0
op op

0
>0-Y'X-Y'X+ gﬁTXTX,B = (

>0-YV'X-Y'X+2'X'X)=0

v

= —2Y'X+ 281 (X*X) =0 |[Combining the two terms

=28 X' X =2Y'X Adding 2Y" X to both sides
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Multiple Regression: Compute the matrix / such that the MSE is minimized.

=28 X' X =2Y'X
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Multiple Regression: Compute the matrix / such that the MSE is minimized.

= 281 X'X =2Y'X Divide both sides by 2
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Multiple Regression: Compute the matrix / such that the MSE is minimized.

= 281 X'X =2Y'X Divide both sides by 2

= XX =YX
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Multiple Regression: Compute the matrix / such that the MSE is minimized.

= 281 X'X =2Y'X Divide both sides by 2
= XX =YX Transpose both sides
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Multiple Regression: Compute the matrix / such that the MSE is minimized.
= 281 X'X =2Y'X Divide both sides by 2

= XX =YX Transpose both sides

= XX =X
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Multiple Regression: Compute the matrix / such that the MSE is minimized.

= 281 X'X =2Y'X Divide both sides by 2
= XX =YX Transpose both sides

(AB)! = BTA"
AT =A

= XX =X
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Multiple Regression: Compute the matrix / such that the MSE is minimized.

= 281 X'X =2Y'X Divide both sides by 2
= XX =YX Transpose both sides

(AB)! = BTA"
AT =A

= XX =X

= X'Xp = XY
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Multiple Regression: Compute the matrix / such that the MSE is minimized.

= 28T XTX =2Y'X Divide both sides by 2

= XX =YX Transpose both sides

(AB)! = BTA"
AT =A

= XX =X

Tvp — vT
= X Xp=X"Y Multiply both sides by (XTX)_1
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Multiple Regression: Compute the matrix / such that the MSE is minimized.
= 281 X'X =2Y'X Divide both sides by 2

= XX =YX Transpose both sides

(AB)! = BTA"
AT =A

Tvp — vT
= X Xp=X"Y Multiply both sides by (XTX)_1

= =X X)"'X"Y)

= XX =X
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Multiple Regression: Compute the matrix / such that the MSE is minimized.

= 281X X =2Y'X

= XX =YX

= XX =X

= X'Xp = XY

= =X X)"'X"Y)

Copyright (c) 2025, Rahul Singh, licensed under CC BY-NC-SA 4.0 (https://creativecommons .org

/licenses

Transpose both sides

Divide both sides by 2

(AB)! = BTA"
AT =A

Multiply both sides by (XTX)_1

/by-nc-sa /4.0/)
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Related Tutorials & Textbooks

Simple Linear Regression (7

A statistical technique of making predictions from data. The tutorial introduces a linear model in two dimensions and
uses that model to predict the value of one dependent variable given one independent variable.

Multiple Regression 7

Multiple regression extends the two dimensional linear model introduced in Simple Linear Regressionto k + 1
dimensions with one dependent variable, k independent variables and k+1 parameters.

Gradient Descent for Multiple Regression (§

Gradient Descent algorithm for multiple regression and how it can be used to optimize k + 1 parameters for a Linear
model in multiple dimensions.

Recommended Textbooks

Introduction to Linear Regression Analysis

Linear , by Douglas C. Montgomery, Elizabeth A. Peck, G. Geoffrey Vining
Regression

Analysis

v

FIFTH EDITION

For a complete list of tutorials see:
https://arrsingh.com/ai-tutorials
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